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A CLASS OF PROCESSES ON THE PATH SPACE
OVER A COMPACT RIEMANNIAN MANIFOLD
WITH UNBOUNDED DIFFUSION

JORG-UWE LOBUS

ABSTRACT. A class of diffusion processes on the path space over a compact
Riemannian manifold is constructed. The diffusion of such a process is gov-
erned by an unbounded operator. A representation of the associated generator
is derived and the existence of a certain local second moment is shown.

1. INTRODUCTION AND BASIC NOTATION

Infinite dimensional diffusion processes have been studied from several points of
view. For example, S. Kusuoka [I0], introduced diffusion type Dirichlet forms on
Banach spaces. The existence of associated processes is then obtained by using
regularity arguments. On the other hand, M. Réckner and T.S. Zhang [16] and
A. Eberle [6] used finite dimensional approximation methods to treat infinite di-
mensional diffusion processes. In these papers, the diffusion is governed by bounded
operators.

In contrast, we show the existence of a class of processes with unbounded diffu-
sion operators. For this, we use methods and results of modern Dirichlet form the-
ory (N. Bouleau and F. Hirsch [3], B.K. Driver and M. Réckner [5], M. Fukushima,
Y. Oshima, and M. Takeda [8], Z.M. Ma and M. Réckner [I3]). The basic structure
of a diffusion form we deal with is

E(F,F) = /(DF, ADF)ydv, FeD(E),

where H is the Cameron-Martin space, D denotes the corresponding gradient op-
erator, and v is the Wiener measure on the space P,,,(M) of all Brownian paths
~ on the compact Riemannian manifold M with v(0) = mo € M. In our setting,
the diffusion operator A : L2(P,,,(M) — H,v) D D(A) — L?*(P,,(M) — H,v)
is unbounded. Let us, however, mention that there are authors speaking in quite
different situations of unbounded diffusion coefficients, namely when omitting the
operator A and replacing the measure dv with Cdr where C'is a possibly unbounded
densitiy function (see, e.g., S. Aida [I]).
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We verify closability (Section 2) as well as quasi-regularity which implies the ex-
istence of an associated right process M = (€, F, (X¢)1>0, (Py)ep,,, (m)) (Section
3). Furthermore, we provide a representation of the associated generator A (Section
4). In particular, the fact that a certain subspace of the space of the cylindrical
functions over P, (M) is a subset of the domain of A is used to determine the
following local second moment,

1
lim —
t—0 t

N
[ 2212 00) = 2 Oy Pr(Xi € )

N
:;/se[o,ﬂr(m (7(s)), 2" (7(s))) ds,

weakly in L*(P,,,(M),v) (Section 5). Here, M is considered as isometrically em-
bedded in some RY and z(p), v € {1,..., N}, denote the standard coordinates of
p € M embedded in RY; finally, T is the carré du champ operator corresponding
to (€, D(E)).

Let M be a compact connected Riemannian manifold of dimension d without
boundary, isometrically embedded in some RY. Let T}, denote the tangent space to
M at m(€ M) and let (.,.)r, denote the inner product on T,,,. We fix a covariant
derivative V compatible with the underlying Riemannian metric and assume that
V is torsion skew symmetric, which means that, if 7" is the torsion tensor of V,
then (T'(¢,n),n) = 0 for all vector fields £ and 7 on M. This convention guarantees
compatibility with the works of B.K. Driver [4], B.K. Driver and M. Rockner [5],
and E.P. Hsu [9].

Let O(M) denote the orthonormal frame bundle with respect to M. Further-
more, we denote the canonical projection O(M) — M by 7 and the canonical
horizontal vector fields by Hy,..., Hy. Let X be the space of all Brownian trajec-
tories on [0, 1] with values in R?. For fixed mo € M, we introduce the path space
P, (M) by

P (M) :={y € C([0,1] = M) : 7(0) = mo}

and equip it with the topology of uniform convergence. Let p denote the Wiener
measure on X and let 7o € O(M) such that m(r¢) = mg. According to J. Eells and
D. Elworthy [7] and P. Malliavin [12], the solution r, to the Stratonovich SDE

N

or:(t) =
=1
rz(0) = 7o,

x = (x1,...,24) € X, defines (u-a.e.) a mapping I : X — P, (M) by I(z)(t) :=
w(ry(t)), x € X, t € [0,1]. Considering, simultaneously, = as a d-dimensional
standard Brownian motion, I(z) becomes a Brownian motion on M whose law on
P, (M) (the Wiener measure on P,,,(M)) is denoted by v.

Finally, as discussed in [9], Section 4, there is an inverse map L of I in the sense
that Lol = identity p-a.e. on X and oL = identity v-a.e. on P,,,(M). Note that,
for z € X and v € Py, (M) with v = I(z) and = L(v), the path r, in O(M) is
well defined and that, for a € R? and 0 < s, < 1,

H; (o () 0z5(t),  te0,1],

(rx(s)a,rx(s)ahv(s) = <rx(t)a,rx(t)a)Tv(t) = |alza.
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The parallel transport from T,y to T along v € Py, (M) is v-a.e. defined as
follows. For z € X and vy € P, (M) with v = I(z) and « = L(v), set

T =re()r;(s), 0<s,t<1.

ts

Introduce the abbreviation LP(v) for LP(P,,,(M),v), 1 < p < oo, and define the
set of all cylindrical functions on P, (M),

Z:={F(y) = f(y(s1);--;7(s8)),7 € Py (M) :
0<s1<...<sg=1, feC®(M"), keN}.
Set
Y= {F(y) = f(y(s1);---57(s8)),7 € P (M) :
(1.1) FeZ si,....sp €{st:1€{l,...,2"}, neN}} .

As Z is dense in L%(v) (see [5]), Y is also dense in L?(v). Let (ej)j=1,..a be a
standard basis in R? and let

Hi(t) = 1, tel0,1],
2% ifte [ ™ gfﬁ%)
Hgm+k(t) = _2% lft€[2m+1,2]fn) ]{):1,...72”1’ m:0,1,... s

0 otherwise,

denote the system of the Haar functions on [0, 1]. Furthermore, define

Gir—1)4j = Hr-ej, reN, je{l,... d}.

As the system of the Haar functions (H,,)nen is complete in L2([0,1] — R, ds), the
system (gn)nen is complete in L2([0, 1] — R?, ds). Therefore, (S, )nen, defined by

5.9 = [ au(wdu, sep1, neN,

is complete in the Cameron-Martin space H, the space of all R-valued absolutely
continuous functions h on [0, 1] with ~(0) = 0 endowed with the norm

EES (/01 [ (5)[ e d8>§

2. DEFINITION OF THE FORM AND CLOSABILITY

For F € Y and v-a.e. v € Py, (M), define

k
(2.1) DF(y) := Z X050 (KL, (Vs )W)}, s €[0,1],

where (Vs, f)(7) = (Vs, f)(v(51);-..37(sk)) € Ty(s,) denotes the gradient of the
function f relative to the i-th variable while holdlng the remaining variables fixed.
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Here, f and the s1,...,s; are as in the definition of Z. Furthermore, for F € Z
and
S
D.F(y) = / riL (8D F(7) ds’
(22) ZS A Si - ’I"L(,y) )(v97f)( ) s € [Oa 1]) Y € Pmo(M)7

we have DF € H v-a.e. See also 2)).
Any F € Y has the representation F(y) = f(v(s1);...;v(sk)) where s1 =

;i,,...,sk = QW,, for some k € N, n’ € N, ll,.. Jp € {1,...,2"/}7 and f €
1/2m

Co(M*). As Homi(t) = 0 on [0,1]\ (52, 58], fi/%)) 5 Hamsa(t)dt = 0, and

either (L1, 55) € [0,s] or (52, 55

=) C (s4,1] 1fm >n', 1 e {l,...,2m}, and
i€ {l,...,k}, from Z2), we obtain the following lemma which is crucial for the
technical procedure.

Lemma 2.1. Let F € Y. There exists ng € N such that, for v-a.e. v € Py (M),
(Sn, DF(v))u =0, n > ng.

Let us define the diffusion operator we are dealing with in this paper. Choose
an increasing sequence (A )nen of positive real numbers and define the operator

D(A) = {@ € L (P, (M) — H,v) : /ZA? (S;, @)% dv < oo} ,
i=1
AD(y) = Y N (S, ®())uSi, ¥ € Ppy(M), € D(A),
=1

mapping L2(P,,, (M) — H,v) 2 D(A) — L?(P,,, (M) — H,v). For F € Y, we
have [(S;,DF)% dv < oo, i € N. By Lemma Bl for F € Y, there is np € N
such that, for all ¢ > nyg, it holds that [ Si,DF)2 dv = 0. Therefore, we obtain
{DF:FeY} C D(A). Furthermore, for all F' € Y, we get

/(DF,ADF}Hdz/ = /<DF > X (Si,DF)y > dv
H
= ZA/S“DF dv

(2-3) < 0.
Consequently, the nonnegative symmetric bilinear form
E(F,F) = / (DF,ADF)y dv
2
(2.4) - /‘AUQDF‘H dv, Fev,

is well defined.

Remarks. (1) It is known from [5], Lemma 3, or [9], Proposition 5.3, that the
operator D : Z — L?(P,,, (M) — H,v) is closable on L?(v). Let (D, D(D)) denote
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this closure. Equivalently, the Ornstein-Uhlenbeck form
EOU(F,F) ;:/|DF|§§H dv, FeZ,

is closable on L2(v). For its closure (£9U, D(E9Y)), we have D(D) = D(E°Y).

(2) Fix v € Py, (M) and consider, for this remark, A as an operator mapping
D(A) D H — H. S. Albeverio and M. Rockner [2], for example, suggest in a similar
situation to reduce a form of type (2:4)) to a more simple one by choosing another
Hilbert space (H, (-,-) i) := (D(AY?), (A'/2.  AY/2.)y). The price one has to pay is
that the classical relation between directional derivative 0y, and gradient D, namely
OnF = (DF, hyy, is in general not satisfied anymore if 9, F = (DF, h)y.

Theorem 2.2. The bilinear form (£,Y) is closable on L?(v).

Proof. Suppose F,, € Y, n € N, with F,, — 0in L?(v) and E(F,, — Fy,, Fy, — )
— 0. In particular, (24) implies

m,n— oo

(2.5) AY?DF, — ¥ in L?*(P,,,(M)— H,v)

n—oo

for some ¥ € L*(P,,,(M) — H,v). Define

(2.6) IF =3 AV, FyuSi, F e L*(Py, (M) — H,v).

i=1
Since J is a bounded operator on L?(P,,, (M) — H,v), we verify

DF, =JAY?DF, — JU in L*P,,, (M) — H,v)

n—oo

from (Z5). As (D, Z) is closable on L?(v), we obtain J¥ = 0. It follows from (28]
and \; > 0, i € N, that ¥ = 0. Thus, relation (ZH) leads to A'/?DF, — 0 in

n—00

L2(P (M) — H, v) which implies &(Fy, F,) = [ |AY?DF,[%, dv — 0. O

Let (€, D(E)) denote the closure of (£,Y) on L?(v).

Remark. (3) Let F € D(E) and let F,, € Y, n € N, be a sequence converging to F in

V2= (|- 1720y +EC, ))Y2-norm. Since \; > 0,4 € N, is an increasing sequence of
p051tlve real numbers and (£,Y) = (ECV)Y) if \; = 1, € N, from (Z3J) it follows
that F,, n € N, is a Cauchy sequence in (EOU)l/2 (I ||L2(V) +&9U(-,-))2-norm.
Therefore, F, 2 Fin (EOU)}/Q—norm‘ Thus, we have D(£) C D(E°Y) = D(D).
Since, by self-adjointness, A'/2 is a closed operator, it holds that {DF : F €
D(£)} € D(AY?) and relations ([2:3) and (24) yield

ZA/S“DF dv

:/’AUQDF’H dv, FeD(E).

(2.7)
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3. QUASI-REGULARITY AND ASSOCIATED PROCESS

Let h e H, t € R, s € [0,1], and v € Py, (M) and let o denote the solution to
the geometric flow equation

h
h(t,s)(7) = TG Vroh(s),
a"(0,8)(y) = (s).
Note that “ 7 stands for differentiation with respect to ¢t. In particular, we have

a(-,8)(y) € CYR — M), o"(t)(y) = o"(t, -)(y) € Ppy(M). For h € H and
v-a.e. v € P (M), there exists a unique solution (see [4] and [9]). For FF € Y
given as in (I.1), the directional derivative along the direction h € H satisfies

h _
opF = lim o) - F
t—0 t
k
= Z<V‘91 I 5" (07 Sz)>T (s3)
i=1
k
= Z<VS’ [ Ts}&omh(si»T (s3)
i=1
k
= Z<,TO<—5L (VSL f)a Toh(Si»Tmo
i=1
(3.1) = (DF,h)g v-ae.

See also (2.2).

Remark. (4) For every h € H, the operator 9y, : Z — L?(v) is closable on L?(v). Let
(On, D(0r)) denote the corresponding closure. It holds that D(€) C D(D) C D(d4),
h € H, and 0p F = (DF, h)g, F € D(D); cf. [9], Theorem 5.2 and Proposition 5.3.
Therefore,

E(F,F)= ixi/(a&m? dv, FeDE).

Proposition 3.1. The form (€, D(E)) is a Dirichlet form on L?(v).
Proof. We have

E(F, F)

iAi / (85, F)? dv
=1

> d
> [ (,

It follows directly from [I3], Proposition I, 4.10, and the chain rule that (€, D(£))
is a Dirichlet form. O

2
(3.2) F(asi(t))> dv, FeY.

An important tool for the subsequent technical procedure will be the following
assertion; cf. [I3], Chapter IV, Lemma 4.1. Note that, for u,v € D(£), we have
uVwv e D(E) CDD)C D(s,), i €N (see Remarks (3) and (4)).
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Lemma 3.2. Let u,v € D(E). For all i € N, we have

1
s, (u v ’U) = X{u>v}85iu + X{u<v}aSiv + §X{u=v} (aSLu + asiv) v-a.e.

Proof. Having representation ([B2) of (£,Y) in mind, the proof can be obtained
from that of [13], Chapter IV, Lemma 4.1 by replacing therein % with Js, and
FC° with Y. O

Proposition 3.3. Suppose
(3.3) M <en'™®, neN, forsomec>0andec(0,1).
Then the Dirichlet form (€, D(E)) is quasi-regular.

Proof. In steps 1-3 below, we show that there is an £-nest consisting of compact
sets.

Step 1. Forr e N, 1€ {0,...,2" "' — 1}, and k =2""1 + 1, set s := (20 +1)27".
Let z¥(p) denote the standard coordinates of p € M embedded in RN, v €
{1,...,N}. Fix 7 € Py y (M), k =2""1 +1, and v € {1,...,N}. Consider the
functions f, k. -(p) :== 2¥(p) — z"(7(sk)), p € M, and

B4)  Forr(V) = forr(v(s)) = 2" (v(sk)) — 2" (7(s1)), 7 € Prmg (M);
obviously, F, k.- belongs to Y. Furthermore, let either i = j or i = d(2™ +u—1)+j
for some m € {0,1,...},u€{1,...,2™} and j € {1,...,d}. We have

(SeDFosr (sl = (T, T ((50). 10 Si50)), |
H%lskvskw”(v('o’k))||Tmo 1705 (sk)
EICTON )| N AP
(3.5) = [IVaz"(vs)lr, ., [(Si(s0))|

for v-a.e. v € Py, (M). As mentioned in [5], proof of Proposition 5, [V (p)|l, ,
p € M, is bounded by some constant K since M is compact. Furthermore, the
definitions of s; and S; yield [(Si(sx))?| < 1if i = j for some j € {1,...,d}.
Moreover, |(Si(sx))’| < 270m/241) if § = d(2™ +u — 1) + j for some m € {0,1,...},
we{l,....;2m} je{l,...,d},and m <raswell as s, = (21+1)27" € (“2;1,%).
Otherwise, we have S;(sx) = 0. Therefore, (3:5) implies

IN

Tomg,

D i (08, Fo k(1)) =D NilSi, DE, - (1))
im1 i=1

d
=Y " N(S5, DFy i (1)
Jj=1

o 2™ d

+ 3 3> Memtu-145 (Saentu—1)+5 DFo k- (1))

m=0u=1 j=1

(3.6) < K2dAg + K2d Y Aggmer27mF2)

m=0
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for v-a.e. v € Py, (M). Finally, from (33)), we obtain

> 9 5 o 9lt+e _q

(37) Z)\'L (8S,;Fv,k,7'('7)) < K=cd”™¢ FYEw—Y =:C4
i=1

for v-a.e. v € Py, (M) and

(38) E(Fv,k,‘r; Fv,k,‘r) S Cl 9

where the right-hand side is independent of k (resp. si), v € {1,..., N}, and 7.
Step 2. We apply a method introduced in [5] and [15]. Set

Gnr:= sup |Fyi-|, neN
ke{l,...,n}
ve{l,...,N}

It follows now from (B7), relation

o0

E(Gn,Tan,T) = /ZA’L (aSiGn,T(’Y))Q dl/,

i=1
and Lemma B2 that
8(Gn,T;Gn,7) Scla n € N.
Since M is compact, there exists Co > 0, such that

1
=¥ (p)| < 5\/02, peM,ve{l,...,N}.
From (B4) and the definition of G,, - it follows that |Gy ||,
(39) gl(Gnﬂ—, Gnﬂ—) <Ci+Cy=:C3, neN.

Step 3. In this step, we proceed as in [5] and [I5]. In particular, we apply the
Banach-Saks property of the Hilbert space (D(ci'),ci'l1 / 2), which states that every

bounded sequence in (D(£), &; / %) has a subsequence whose Cesaro means converge
strongly (see, for example, [I4]). Accordingly, relation (39) and the fact that the
sequence (Gy - )nen satisfies Gy, r < Gpy1.7, n € N, imply that the function

Hr(v)i= swp - [at(v(s) =2 (r(s)l v € Pmo (M),

) < Cs and, thus,

belongs to D(E) and that
E1(Hr, Hy) <Cs.
Let {7 : k € N} be a dense set in P, (M). Set
K, = 1§iI]€1£nHTk , neN.

We have K,, € D(E). Again, recalling the Banach-Saks property of (D(E’),Sll/Q)7

the last relation implies that & (K,, K,) — 0. According to [13], Chapter III,
n—oo

Proposition 3.5, there exists a subsequence K, , k € N, and an £-nest F,,, m € N,
such that K, converges uniformly to zero (as k — oo) on each F,,. Consult also
[3], Section 1.8. As in [5], proof of Proposition 5, it follows now from the definition
of K, n € N, that each F, is totally bounded. Thus, F},, m € N, form an E-nest
consisting of compact sets.

Step 4. For fixed 7 € P,,, (M), the system of functions F, s -, v € {1,...,N},
k € N, introduced in (34) separates the points in P,  (M).
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Together with Theorem 2.2 and the result of Step 3, quasi-regularity follows now
from its definition (see [I3], Chapter IV, Definition 3.1). O

Proposition 3.4. The form (£, D(&)) is local.

Proof. We follow [5], proof of Proposition 5 (ii), and [13], Example V.1.12. Let
F,G € D(&) N L*®(v) with supp[F] N supp|[G] = #. According to [13], Proposi-
tions 1.4.17 (i) and V.1.2 (ii), we have to verify E(F,G) = 0. Since E(F,G) =
J(AY2DF,AY2DG)y dv (cf. (Z1)), it is sufficient to show that

(3.10) DF =0 wv-a.e. on Py, (M) \ supp[F].
From D(E) C D(£9Y) and [5], equation (11), we obtain
(3.11) DU-V)=U-D(V)+V-DU), UV eDE) NLw).
See also [13], Example V.1.12. Furthermore, from [13], Proposition V.1.7, we get
the existence of V € D(E)NL>®(v) with 0 <V < XP ., (M)\supp[F] and V' > 0 v-a.e.
on Py, (M) \ supp[F]; here x denotes the indicator function. Now, relation (B.1)
implies

0=F-D(V)+V - -D(F) v-ae.
This yields (3:I0). O

As a consequence of PropositionsB3l and B4 we get with [13], Theorems IV.3.5
and V.1.11:

Theorem 3.5. There exists a diffusion process M associated with (€, D(E)).

4. GENERATOR

We start with a technical lemma.

Lemma 4.1. Let F' € Y and n € N. Then the derivatives %|083”F(US"(—15)),

%‘0 %, and %‘0 {8SHF(US’L(—7§))%} exist in L?(v) and we have

d dv o o5 (—t)
4.1 — F(o°(—t))———
1) dt |, {as" S }
d| dvoo(—t)
= —0s,0s,F + at . I -0s, F v-a.e.
Proof. Step 1. Introduce
dv o o (—t
pul) = L2 00 (o) e ), e R,

dv
The existence of % |0 ¢¢ in L2(v) is shown in [4], Theorem 8.5 and in the proof of
Theorem 9.1. Note that the result for h € C1(]0,1] — R?) presented in [4] can be
extended to general h € H by [9], Theorems 3.5 and 4.1 and the proof of Theorem
5.1.
Step 2. Let n € N and let F € Y be given as in (I.I)). According to (Bl), we
have, for v-a.e. v € Py, (M),

ve(y) = 95, F(0 (=t)(%))

k
= Y ATLOLDEE ) reSa(s)), L teR
i=1 mo
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From |S,,(8)|re < 1, s € [0,1], it follows that, for v-a.e. v € Py, (M),

el < }jH%iJ YL S =)

mq

I70Sn(si)ll,,,

IN

gﬂwkﬂgitﬂﬂw . teR.

ToSn (—t,5:)(7)
Since f € C>°(M*), and M is compact, there exists C; > 0 such that
(4.2) [oe(y)] < Cy, wv-ae. y€Py (M), teR.
Furthermore, in virtue of [9], Theorem 4.1 (iii),

(4.3) Uy Py Yy v-a.e.

Step 3. The aim of this step is to verify the existence of %|0 Yy in L2(v). To
this end, fix i € {1,...,k}. Since (Vs, f)" is then a smooth function on M*, from
[9), Section 5, and [], Lemma 9.1, it follows that

i . ((Vsif)(as"(—t)('y)))v exists in L?*(v), wve{l,...,N}.

Furthermore, there is a C5 > 0 such that
(45) |(v8Lf)v| éCS; U€{1,...,N}.

By [], Corollary 4.2 and inequalities (i) as well as (ii) of Lemma 4.1 of the same
reference, for all v € {1,..., N},

(4.4)

d oon(— v
(4.6) = (7;H)‘ “(”’rosn(&))
0
d v .. 1o
7 . (PL(y(=t.5,))(8)Sn(s:)) exists in L*(v)

if n =4 € {1,...,d}. Even though in [4] the geometric flow is generated by a C*-
function, for n = d(2™+1—-1)+j withm € {0,1,...}, 1 € {1,...,2™}, 5 € {1,...,d},
we may obtain ([6) from the above reference by decomposing S,, = S} + 52 + 53
where

Srlz = 2% Xht, 1](3)(8_12771)’
Sio= =28z y(s)(s - ),
Spo= 25X (8)(s — )

Moreover, by isometric embedding of M into RY we verify

(T3, —0705n(5:)"] < |T,or0Sn(s

' |]RN

= |7coroSu(silly
= |Su(si)lga
(4.7) < 1, ve{l,...,N}.
Introduce

ot = (V@™ (=00) 6= (T2 reSutsn)



PATH SPACE OVER A COMPACT RIEMANNIAN MANIFOLD 3761

teR, ve{l,...,N}. The existence of

4
dt

N . d N
ST (Ve HEE (=) (T2 P r0Sa(si)” = | Y avsy

0p=1 dt 0y=1

in L2(v) follows from (@4)-@7), of P af v-a.e., and the inequality

N  wm N
v= o — v=1 % 6 v v
E 1 t E 1-0~0 _Z(aoﬁg+agﬁo)
t v=1 L2(v)
N af —048 ) v 6115) _ﬂg)} v v
< Z P Bo + ;Do)
v=1 L2(v)  o=1 L2 (v)
N
+ H o) —ag)By
S ot - ey,
N N
oy -af Ll -8
§Z tt ¢ —ap ||50||Lx(u)+CSZ : ; & — B
v=1 L2(v) v=1 L2(v)
N
v v\ av)2 1/2 1 N
+ Z ((at O‘O)ﬁo) Li(v) y VE { v }7
v=1

note that, by @), (o — a8)8y)? € L'(v) is dominated by 4C2(5y)? € L'(v),
v € {1,..., N}. Finally, by isometry

k
d
=2

i=1

(T OO T P roSu(s),
oSn (—t,5;)(~)
exists LQ(V).
Step 4. Having in mind that ¢y = 1 and that (1 —0)g0)? € L*(v) is dominated
by 4C32(40)? € L'(v), the existence of %|0 ¢ and %|0 ¥y in L?(v) (cf. Steps 1 and
3), relations (£2), (E3), and

(4.8)

H ot —t votho — Gotho — 9001/50

L2(v)
. - : 1/2
< Cy H% 20 _ 4 Ye— o — o + || (e — ¥0)b0) ||L/1(l,
¢ ¢ 12()

imply the existence of 4 ‘0 {83”F(05"(—t))W} in L2(v).

Step 5. As shown, for example in [IT], 4.1, it holds that dg, n = (;lt ‘0 Sn(—t)),

whenever n € D(D) C D(9g,) and the limit lim;_q(n(o°" (t)) — n) exists in L3(v).
Since F' € Y belongs to D(D?) (see [9], Section 6), we have ds, F' = (D1 F)? € D(D)
if n=75¢€{1,...,d} and we have g, F = 2"/?(— Dz 11 F 42D 2 F D b F)J €
DD) ifn=d@2m™+1-1)+j for m € {0,1,.. }le{l Zm}je{l ., d}
Therefore, relation (1) is a consequence of Step 4, in partlcular of [43). O

Let (A, D(A)) denote the generator of (£, D(E)). Fix a version H of the map
v — T ,. Using B.K. Driver’s geometrical notation (see [4], Definition 6.2 and
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Theorem 9.1), we introduce

1 A

1 1
zn(fy):§/0 (RicH%Sn)—i—@HV(Sn}) 'dx—l—/o S/ -dx, meN,

where v = I(z) € Py, (M) for p-ae. z € X.
Theorem 4.2. Let F € Y. We have F € D(A) and

AF = Z M {0s,0s, F + 2,05, F} v-a.e.

n=1
Proof. Let G € Y. From (B.2)), we obtain
4 F.G) = L2 Fdv.
(4.9) E(F,G) /nZlA | Gt s Fav

d
Taking into consideration that 7 G(o%(t)) exists in L%(v), that 95, F =
0

(Sn,DF)g € L?(v), and that the sum in (1) is, by Lemma 1] actually a fi-

nite one, we obtain

d

/ S G0 (1))0s, Fdv
0 n=1

Under the substitution v — o= (—t)(7), we get

E(F,G)

d > Sn(_ Sn(_
o O/G ;AnaSnF(a (—=t)) dv o o5 (—t)

dv o o9 (—t)

. S"L — e
O/G ;AnaSnF(a (1)) - dv.

q
dt
From Lemma[4T], it can be concluded that

(4.10)  E(F.G) :/G~ ilAn % M}du;

ds, F(o% (—
osres ™2

again, take into consideration that the above sum is actually a finite one. Let
G* be an arbitrary function belonging to D(£). As Y is by Theorem [2.2] dense

in D(€) with respect to 511/2—norm, we find a sequence G,, € Y, m € N, with

Gn — G*in Sll/z—norm. In particular, G,,, — G* in L?(v). On account
m—00 m—00

of |E(Gm —G*\F) + (G — G*, F) 2| = [E1(Gm — G*, F)| — 0, we verify
E(Gm, F) — E(G*,F). Now, relation (4.10) and Lemma [4.1] yield

> d dv oo (—t
g(F,Gﬂ:/G*,ZAnE LH}W
n=1

Sn(_
os o™=
Therefore, we have F' € D(A) and

> d
AF:-Z;M%

O{asnF(aSn(—t))d”oac'li?(_”} v-ae.
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From Lemma [4.]] it can be deduced that

_d dv o o9 (—t)
dt|, dv

(411) AF =) "\, {&gﬂ@snF -8snF} v-a.e.
n=1

According to [4], Lemma 9.2, or [9], proof of Theorem 5.1, it holds that
d| dvo oSn (—t)
dt|, dv
From (f.11]), it follows that

= —z, UV-a.e.

AF = M\ {05,05,F + 2,05, F}  v-ace.

n=1

O

Remark. (5) Keeping in mind that, for F € Y, the sum >~ | A,2,0s, F is actually
a finite sum (cf. Lemma 2]), we can verify the following identity:

{1 /0 1 (Rici (Sn) + O, (8n) ) - da + /O o dm} 05, F(7)

I
M8
b

1t .
=3 /0 (RZCH7<Z>\n 95, F Sn) + O, (XM 05, F 5n>) - da

1
+/ (> A\n0s, FS),) - dx
0

1

- 5/0 (Ricsr, (ADF)(s)(7) + Oy, (ADF)(5)(7)) ) - da

1
" / (ADF)(s)(4) - dz,

v-a.e., where v = I(z) € Py, (M) for prae. z € X.

5. LOCAL SECOND MOMENT

We begin this section with a general lemma. For a moment, we introduce a
new setting more general than the situation in Sections 1-4. Let E be a Hausdorff
topological space and let B(E) denote its Borel o-algebra. Suppose, furthermore,
that B(E) = o(C(F)) where C(E) denotes the set of all continuous functions on E.
Let v be a probability measure on (E,B) and (€, D(£)) a quasi-regular Dirichlet
form on L?(E,v). Let (A, D(A)) denote the generator of (£, D(£)) and assume
that there exists a subspace G C D(A), dense in (D(E),Ell/2), such that g € G
implies that g2 € D(A). Then, according to [3], Proposition 1.4.1.3 and Corollary
1.4.2.3, there exists a unique carré du champ operator I' : D(E) x D(€) — LY(E,v).
In particular, for all f,g € D(£) N L*°(E,v), it holds that

(5.1) / gT(f. fydv = —E(g. %) + 26(f9. f)
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Let M = (Q,F, (X¢)t>0, (Px)zer) denote the associated right process, set 1(z) = 1,
r € F, and define

T,f(x) = / F@) PuXicdy), t>0, xc B, feI*Ev).

Proposition 5.1. Supposel € G, T;1 =1 for allt > 0, and fg € D(E)NL>®(E,v)
if fe DE)NL®(E,v) and g € G. Then we have

tim = [ () — £()? P.X, € dy)

=T(f,f) weakly in L*(E,v), f € D(E)NL>®(E,v).

Proof. Step 1. Let Id denote the identity in L?(E,v) and let f € D(E) N L>®(E,v)
and g € G. Since g € D(A) C L*(E,v), f* € L*(E,v) C L*(E,v), and T; — Id is
a selfadjoint operator in L?(E,v), t > 0, we can conclude

2 2
_g(gaf ) = (Aga.f )LQ(E,V)
_ <lim di—Id)g f2>
t—=0 t L2(E,v)
t=0 t L2(Ew)
_ 2

(5.2) = lim (g, M) .

t—0 t L2(E.w)

Let (E\)a>o denote the (right continuous) resolution of the identity with respect
to —A, ie.,

~Af = XNdE\f, f € D(A),
[0,00)

recall that A is a nonpositive definite selfadjoint operator in L?(E,v). The closed
form (£, D(E)) has, therefore, a representation

E(f. f) = / MBS sz ] € DE)

)

e X1 <0if A>0 and t > 0, we obtain

Taking into consideration —\ < <—

E(fa.f) = /[ RYCCORN

—At

. € - 1
= —lim ————d(Ex(f9), EAf)LQ(Eﬂ/)
t—0 [0,00) t

e M1
— —lim / dE,\(fg),/ R N
=0\ J[0,00) [0,00) t

(5.3) = —lim <fg, @) .
L2(E,v)

L2(E,v)
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Combining 731 =1, ¢t > 0, (510), (52), and (&3), we verify
[orundr = —e )+ 2650,

= lim [g- (thQt_fQ —Zthft_f) d

t—0

(5.4) = hm/ / (y) — f(x))? Po(X; € dy) v(dx).
Step 2. Again, let f € D(E) N L>®(E,v). For g = 1, relation (5.4) reduces to

(65 2(5)=lm| / (F) ~ FO) PAX, € dy)

LY(E,v)

Setting

Lt f) if ¢=0,

Pt = 1 ) )

i [Uw-sOrPiedy it >0
from ¢ = M - Zf%, t > 0, and (B5) it follows that |[¢¢l/z1(z,) is
continuous on [0,00) and lim¢ .o [|0¢||z1(E) = 0. Thus, the family (¢¢)i>0 is
uniformly bounded in L'(E,v). Now the statement of the lemma is a consequence
of relation (4. O

In the remainder of this section, we follow the setting of Sections 1-4. In par-
ticular, let M = (0, F, (X¢):>0, (P )ep,,, (1)) denote the right process associated
with (€, D(€)); cf. Theorem [35l Furthermore, recall that z(p), v € {1,..., N},
denote the standard coordinates of p € M embedded in RY. For fixed s € [0,1]
and v € {1,..., N}, introduce the function z? by z¥ () := z¥(v(s)), v € P, (M).

Lemma 5.2. Suppose the validity of relation [B.3), i.e
N <cit™¢, ieN, forsomec>0andec(0,1).
Then z¥ € D(E) N L*(v) and there exists Cs > 0 such that
(5.6) E(xg, ) < Cs
for all s €10,1] and v € {1,...,N}.

Proof. Let v € {1,...,N}, s € [0,1], and s,, € {QL e {l,...,2m}, m € N},
n € N, be a sequence with s,, — s. Then

n—oo
(5.7) ry — T v-ae.
n
n—oo

Furthermore, as M is compact, there is a constant C7 > 0 such that

(5.8) 3, 1720 < Cr,

independent of n € N. As in (30)-(B8), it follows from (B3) that

(5.9) E(xy oy ) < Ch,

independent of n € N, where C; is the constant introduced in (37)). Now, the above

mentioned Banach-Saks property of the Hilbert space (D(€), &} / %) and E0)-E3)
imply z¥ € D(E) N L>®(v) and from the closedness of (£, D(E)) on L?(v), relation
(BB) with Cg := Cy + C7 can be derived. O
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Set G :=Y. According to Theorems 2.2 and £.2] G is dense in (D(E), 811/2) and
we have G C D(A). Obviously, g € G implies g?> € G. Thus, there exists a carré du
champ operator I" and we have (EI). In order to formulate the following theorem,
we notice that, for h € L>(v),

[ vty v
2Cs]|hll L) »

independent of s € [0,1] and v € {1,...,N} (cf. (50)), which implies

N
Gaoy [ Y [ Taie)ato) dsvidy) < 2NColblig) .
YEP m s€[0,1]
Theorem 5.3. Suppose that relation [B3A) is valid, i.e.,

IN

IN

v=1

N <ci'™®, ieN, forsomec>0andec(0,1).

For all h € L>=(v), we have

im [ h(r /Zux )2 o1y Pr(Xe € dy) v(dr)

t—0

(5.11) /h > 1/36[0 D a)dovla).

Proof. In order to apply Proposition[5I] we note that 1 € G, P.(X; € Py,,(M)) =
1,t >0, 7 € Ppy(M), and that because of G =Y C D(E) N L*™°(v), we have
fgeDE)NL>®w)if fe DE)NL*(v) and g € G.

By virtue of Lemma [5:2 and Proposition B1] for all s € [0,1], v € {1,..., N},
and h € L*(v), it holds that

im [ h- —/(xg('y)—x) P(X, € dv) du_/hF ¥, 2%) dv

t—0

Since |1 [(22(7) — )2 P(X; € dv)|/11(v) is bounded for ¢t > 0 (cf. proof of
Proposition BI), it can be concluded from dominated convergence that, for all

ve{l,...,N},
1
1im/ /h- —/(.IZ(’}/) —2Y)? P(X; € dy)dvds
t—0 €[0,1]

/ /hF x,,xy)dvds, heL>(@).
€[0,1]

Relation (BITI) is now a direct consequence of (BI0) and Fubini’s theorem. O

Remark. (6) Condition (33) in Proposition B33, Lemma (2] and Theorem [£.3 can
be weakened. Recalling [B.8) it turns out that it is sufficient to require

o0
Z Agom 2™ < 00
m=1
instead of (B3]).
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